In this paper, we study the multiplicity of subharmonic solutions of the nonlinear differential equation of the forced relativistic oscillators. By using the generalized Poincaré-Birkhoff fixed point theorem, we prove that the equation has infinite subharmonic solutions provided that g satisfies at most linear growth condition.
Introduction
We are concerned with the multiplicity of subharmonic solutions of the nonlinear differential equation of the forced relativistic oscillators ( )
p → R R is continuous and periodic, whose least period is 2π .
The dynamical properties of relativistic oscillators are being studied with an increasing interest because of its extensive applications in different branches of theoretical physics such as quantum mechanics, statistical mechanics, superconductivity theory, nuclear physics and so on (see [1] - [11] and the references therein). In [1] , using variational methods, Brezis x a x h t t x
where a is a positive constant and h is a continuous and T-periodic function with mean value ( )
. Under same conditions, using Szulkins critical point theory, Bereanu and Torres [2] proved the existence of a second T-periodic solution of Equation (1.2) which is not different from the previous by a multiple of 2π . When the mean value 0 h ≠ , using degree arguments, Bereanu and Mawhin [3] proved that Equation (1.2) has at least two solutions not differing by a multiple of 2π if π π 3, cos .
For the existence of periodic solutions of Equation (1.1) when g is not periodic, it was proved in [4] that Equation (1.1) has at least one 2π -periodic solution provided that g satisfies (g 1 ) ( ) ( ) lim .
x sgn x g x →∞ 
= +∞
A natural question is whether Equation (1.1) has multiple periodic solutions when (g 1 ) holds. In the present paper, we shall study this problem. We assume that g still satisfies at most linear condition, i.e. there are two constants 0, 0 a b > > such that
By using the generalized Poincaré-Birkhoff fixed point theorem [12] , we prove the following theorem. Theorem 1.1. Assume that conditions (g 1 ) and (g 2 ) hold. Then there is an integer 0 2 n ≥ such that, for any integer 0 n n ≥ , Equation (1.1) has at least two subharmonic solutions ( ) , n i x t ( 1, 2 i = ) of order n and these subharmonic solutions extend to the infinity; that is
Throughout this paper, we always use R , N to denote the real number set and the natural number set, respectively. For the continuous 2π -periodic func-
The rest of the paper is organized as follows. Section 2 presents several preliminary lemmas for the equivalent system of Equation (1.1). Section 3 gives some estimates on the angle variable of the transformed system. Section 4 proves the main conclusion (Theorem 1.1).
Basic Lemmas
Firstly, we consider the equivalent planar system of Equation ( 
Lemma 2.2. Assume that (g 1 ) and (g 2 ) hold. Then, for any fixed constant 0 T > , there exist positive constants α and γ such that, for 0 
On the other hand, if ( ) 
It follows from (2.4) and (2.7) that, for 0 r large enough and ( ) Remark 2.3. From the proof of Lemma 2.2 we know that there exists a con-
Lemma 2.4. Assume that (g 1 ) and (g 2 ) hold. Then, for any n ∈ N , there exists 0 
Next, we shall estimate the time needed for the solution 
Consequently, we have Lemma 2.5. Assume that (g 1 ) and (g 2 ) hold. Then for any n ∈ N and 0 t ∈ R , there exists an * 0 t t > such that
Proof. Assume by contradicition that there is an integer
for any sufficiently large ( ) 0 0 r t > and 0 t t > . We will proceed in two cases.
(1) For 
( )
x t → ∞ , t → +∞ . Without loss of generality, we assume the asymptotical ray is
we have that
from above. Thus we get a contradicition.
(2) There is an * 0 t t > such that ( )
To this end, we shall construct a continuous counter-clockwise rotating spiral 
We now take a large constant 
Estimates on the Angle Variable
When the condition (g 1 ) holds, it was proved in [4] that Equation ( 
are continuous for all t ∈ R . Using a similar method as in proving Lemma 2.2, we can prove the following lemma. 
From Lemma 2.5 and (3.5) we get that, for ( )
According to Lemma 3.2, we get that, for any
Proof of Main Theorem
We first recall a generalized version of the Poincaré-Birkhoff fixed point theorem by Rebelo [12] .
A generalized form of the Poincaré-Birkhoff fixed point theorem Let  be an annular region bounded by two strictly star-shaped curves around the origin, 1 Γ and 2 Γ , n -periodic solutions of (3.1). Using standard methods as in [14] and (4.4), we can further prove that 2 π n is the minimal period. Therefore, 
